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Introduction 

Let p be the parabolic subalgebra of some semisimple Lie algebra g and P the 
corresponding group. Let M. (£, p) be the moduli space of P-bundles on the elliptic 
curve £. In [5] we define the Hamiltonian structure on the manifold M. (£, p). There 
is a natural problem: to quantize the coordinate ring of each connected component 
of M(£,p). 

We denote by Q n (£, t) the corresponding quantum algebras in the case = 5/2- 
Here r G £ is a parameter of quantization, n G N is a number of the connected 
component of Ai(£,p). This component is isomorphic to P n_1 in this case. So 
its coordinate ring is isomorphic to the polynomial ring in n variables and the 
algebra Q n (£,r) is a graded deformation of this polynomial ring. We denote the 
corresponding Poisson algebra by q n (£). 

More generally, we denote by Q n ,k(£,T~) the corresponding quantum algebras in 
the case g = slk+i and p is a parabolic subalgebra for the flag C V C C fc+1 , 
dimV^ = 1. Here r G £ is a parameter of quantization, n G N is a number of 
the connected component of M(£,p). If n and h have no common divisors, then 
this component is isomorphic to P n_1 . So its coordinate ring is isomorphic to the 
polynomial ring in n variables and the algebra Q n ,k{£-, T ) is a graded deformation 
of this polynomial ring. We denote the corresponding Poisson algebra by q n ^{.£)- 
We have Q n (£,r) = Q n)1 (£,r), q n (£) = q n ,i(£)- 

In the papers [1,2] we constructed the family of associative algebras Q n (£,r). 
The algebra Q n (£,r) is Z-graded and depends on 2 continuous parameters: an 
elliptic curve £ = C/T and a point r G £. We have Q n (£, r) = C © F x © F 2 © . . . 
and F a * F/3 C F a+P . The Hilbert function is 1 + dim F a t a = (1 - t)~ n . If 

t = then the product * is commutative and the algebra Q n (£, 0) is a polynomial 
ring in n variables. So the algebra Q n (£,0) does not depend on £. Considering 
the product * in a neighborhood of r = with the fixed curve £ we will have a 
Poisson structure on the polynomial ring Q n (£, 0) that depends on £. We call the 
following construction of the algebra Q n (£, r) its functional realization, because the 
graded components F a are described as the spaces of functions and the product * 
is given by an explicit formula. Namely, F a is a space of holomorphic symmetric 
functions in a variables f(zi, . . . , z a ) with the properties: f(z\ + 1, z%, ■ ■ ■ , z a ) = 
f(z u . . .,z a ),f(z 1 + rj,z 2 , ...,z a ) = e -^(n^- an r) _ _ _ ? Here lrj are gen _ 
erators of the lattice T, Imrj > 0. It is clear that F a = 5' Q! (O ri , j _ Q , nT (r)) (see 
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Notations) and dimF Q = n(n+1) " Q ( , n+Q 1] . The product * is given in the follow- 
ing way: for / G F a , g E Fp we have 

f *g(zi,...,z a+/3 ) = (1) 



f(z <Tl ,...,z <7a )g(z <Ta+1 -2aT,...,z aa+p -2aT) ]] 



If t = then the formula (1) gives the usual product in the symmetric algebra 
S'*(6 n) o(r)). Decompose the right side of the formula (1) in the Taylor series 
/ * 9 = 1 9 + c i(fi9) T + °( T )i where fg is the product in the symmetric algebra 
5 , *(G ri) o(r)). Then we will have the explicit formula for the Poisson structure on 
the algebra /S*(O nj o(r)). As usual, {/, g} = ci(f,g) — ci(g, f). In the explicit form: 

{f,9}(zi,...,z a+f 3) = 



a\pi £ ( 2 "/(^ 1 ,-..,^M^ +1 ,...,^ +/3 ) £ e{zZ-zli 

creS Q + /3 l^P^a p q 

+2(3g(z aa+1 , . . . , z aa+f3 ) f z<r ^ (z ai , . . . , z aa ) — 

'2cvf(z l j 1 , . . . , 2^ 



9 Z<yq ( Z a a+1 , ■ ■ ■ , Z aa+/3 ) j 



There is another construction of the algebra Q n (£, r) that we call bosonization. 
Let A p (£,t) be the algebra generated by {ei, . . . , e p , <p(zi, . . . , z p )}, where <p is 
any meromorphic functions in variables z\,. . .,z p . We assume that the following 
relations hold: 

z a zp = zpz a ,e a zp = {zp - 2r)e Q , e a z Q = (z a + (n - 2)r)e a 

e a e p = -e 2 ^-^ 9 }; a ~ Z ^- nr \ epe a , here a ? (3 
6(zp - z a - nr) 

There is a homomorphism x : Q n (£,r) — > A p (£,r) such that for / G Fi = 
©n,-nr(r) we have: = £ f(z a )e a . It is clear that for r = the alge- 

bra Ap(£,0) is commutative and x is the homomorphism of the Poisson algebras. 
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It is easy to see that the functional realization of the algebra Q n {£,r) (and the 
corresponding Poisson algebra) follows from the bosonization. 

In [1,2] we studied the algebras Q n ,k(£,T~). Here 1 ^ k < n; n and k have 
no common divisors. We have Q n (S,T) = Q n ,i{£,T~). In the general case the 
algebra Q n ,k(£, t) is also Z-graded, so we have: Q n ,k(£, t) = C © Pi © P 2 © . . . 
and P a * C P a+ p. The Hilbert function is 1 + ^ dim P a t a = (1 - t)~ n . If 

r = than the algebra Q n ,k(£, 0) is the polynomial ring in n variables. We denote 
the corresponding Poisson algebra by q n ,k{£)- Let ^ = ri\ be the 

2 rip 

decomposition into the continuous fraction, where ni, . . . , n p ^ 2. It is clear that 
n = d(ni, . . . , rip), k = d(ri2, ■ ■ ■ , n p ). The space P\ is isomorphic to the space 
©(m,...,n p )(r) (see Notations). We have dim8( ni) ... irij> )(r) = n. 

In [3,4] we consider the case when g is general and p is a Borel subalgebra. We 
denote the corresponding quantum algebras by Q n ,A(£ ,t). Here A is the root 
system of g, n : L — > Z is the homomorphism of the additive groups, L is the lattice 
generated by A. 

In this paper we consider the case g = sIn and a general parabolic subalgebra 
p. We introduce a functional realization of the Poisson algebras in this case. We 
also introduce a certain construction of the corresponding quantum algebras. We 
denote these quantum algebras by Qm,fci® • • • ®Qn h ,k h {£ '> t) and the corresponding 
Poisson algebras by q ni ,k x ® ■ ■ ■ ®<ln h ,k h {£)- 

Now we describe the contents of the paper. 

In §1 we construct the functional realization of the Poisson algebra q n ,k(£)- In 
this construction P a = S a (Q' nij ___ jrip ^(T)) is realized as the space of holomorphic 
functions . . . , x Pj i; . . . ; xi, a , • • • , x P ,a) satisfying some properties. The Pois- 

son bracket is given by the formulas (2) and (3). 

In §2 we construct an analogue of bosonization of the algebras Q n ,k{£, t). 

In §§3-5 we construct the algebras that we denote by QmM® ■ ■ ■ ®Qn h ,k h (£> t) 
and the corresponding Poisson algebras q ni: k 1 'S> • ■ ■ ®Qn h ,k h (£)• These algebras 
are Z^-graded, so <3m,fci® • • ■®Qn h ,k h {^-,'r) = (J) 

Pai,...,a.h an d Poti,...,oth * 

OLl,...,OL h ^0 

P^,...,j3 h C Pa 1 +p 1 ,...,a h +p h - The space M = Po,...,o is the field of meromorphic 
functions in variables zi t 2, ■ ■ ■ , Zh-i,h- The dimensions diniM-Pai, are finite 
and the Hilbert function is 

£ dim M P ai ,..., a ,C---C= II (l-^A+i...*,)-^^ 1 ^"^ 

Here N a = (n lj0 ,,n 2 , a , . . .,n Pa>a ), where = n 1>a - — - 1 i — is the decom- 

position into the continuous fraction, 1 ^ a ^ h, riij ^ 2. See Notations for the 
definition A. 
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In §3 we construct the functional realization of the Poisson algebra q n ,k®qm,l(£)- 
In §4 we construct the functional realization of the Poisson algebra q ni ^ <8) . . . ®q nh ,k h (£) 
in general case. 

In §5 we construct the bosonization of the algebra Qm.fci® • • • ®Qn h ,k h (£ '■> T ) m 
general case. 

In [3,4] we consider the case k\ = ■ ■ ■ = kh = 1. In this case g = slh+i and p is a 
Borel subalgebra. In those papers the algebra Q ni ,i® ■ ■ ■ <S>Qn h ,i(£, t) was denoted 
by Q n ,A(£, t). Here A is the root system Ah, n : L — > Z is the homomorphism of 
the additive groups, L is the lattice generated by A, n a = n(S a ) where S±, . . . ,Sh are 
simple positive roots. In [3] §1 and [4] §1 we constructed the functional realization 
of this algebra. In [3] §1 and [4] §2 we constructed the bosonization of this algebra. 
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Notations 

Let £ = C/r be an elliptic curve, where Y = {mi+m2?7; mi, m-i G Z} is a lattice, 
Im?7 > 0. For ra G Z, c 6 C we denote by © m)C (T) the space of holomorphic func- 
tions f(z) with the following properties: f(z+l) = f(z),f(z+r)) = e - 2 ^ l ( mz + c ) f( z y 
It is clear that dim0 miC (T) = m if m > 0. For m > the elements of O mjC (r) are 
called ^-functions of order m. It is easy to check that every ^-function of order m 
has exactly m zeros modT and the sum of these zeros is equal to c + |m modT. 

Let 6{z) = J2(-^) a e 27ri( - az+ ^ llr '\ It is clear that 9{z) G e i; i(r), 9(0) = 0, 

e(- z ) = -e~ 27Tiz e(z). 

For the sequence of natural numbers (n\, . . . , n p ) we denote d(ni, . . . ,n p ) = 
det (rriij), here (rriij) is the p x p matrix with the elements m^j = n^m^i+i = 
rrii+i^ = —1, rriij = for \i — j\ > 1. For p = we assume <i(0) = 1. Let i%i ^ 2 
for all 1 ^ i ^ p, n = d(ni, . . . , n p ), = <i(n2, . . . , n p ). It is clear that n and k have 
no common divisors, 1 ^ k < n and t = n i • 

' k n 2 i 1— 

nr , — . ^ 

•3 rip 

For two sequences A = (oi, . . . ,a p ) and S = (6i,...,6 g ) we denote AAB = 
(ai, . . . , a p _i, a p + &i, 62, . . • , &q). It is a sequence of length p + g — 1. Particularly, 
for p = q = 1 we have AAB = (a-i + bi). It is clear that the operation A is 
associative. 

We denote by B( nij ... jn )(r) the space of holomorphic functions f(zi,...,z p ) 
with the following properties: 

f(zi, . . . ,z a + 1, . . .,z p ) = f(zi, ...,z p ) 

f( Zl , ...,Z a + V ,...,Z p ) = e -^i(n a z a -z a -i-z a+ i)f( Zu . . . jZp) 

We assume here zq = z p+ i = 0. It is easy to check that dim©( ni) n )(r) = 
d(ni, . . . , n p ) for ni, . . . , n p ^ 2. 

Let iV = (m, . . . , n p ), M = (mi, . . . , m g ) be two sequences of natural numbers. 
Let f(z 1} ...,z p ) G 0( ni ,...,n p )(r), g(z!,...,z q ) G ©( mi ,..., mq )(r). It is clear that if 
<p(z!, . . . , Zp+q-x) = f{z 1 ,...,Zp)g(zp,...,z p+q - 1 ) then tp G eAr A M(r). 

Let A be some commutative associative algebra. We remind that the structure 
of a Lie algebra {,} on the space A with the following property (Leibniz rule): 
{/, gh} = {/, g}h + g{f, h} for /, g, h G A is called a Poisson structure on A. The 
algebra ^4 with a Poisson structure is called a Poisson algebra. Let * t be such 
a family of associative products on the space A that holomorphically depends on 
t G U C C, here C7 is an open subset, G (7, and / * t g = fg + \{f, g}t + o(t) 
as t — > 0. Let At be the associative algebra with the product The family of 
associative algebras A t is called a quantization of the Poisson algebra A. 
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§1. Functional realization of the Poisson algebra q n ^{£) 
Let q n} k(£) = 5'*(@(ni,...,n )(r)), where t = n i _ ~ j_ is the decomposition 

71-2 "' n p 

into the continuous fraction, ni, . . . , n p ^ 2. So q n ,k(^) is the polynomial ring 
in n variables and the space 5 ,Q (G( niv . ) (r)) of elements of degree a is realized 
as the space of holomorphic functions /(x^i, . . . , x Pj i; . . . ; x\^ a , . . . , x P;Q ,) with the 
following properties: 

1. Symmetry. For each a G S a we have /(xi,^, . . . , x Pj<Tl ; . . . ; xi j(Ta , . . . , x Pj(To ) = 

• • • ? Xp \j " ' i ^l,co • ■ • ; ^p,Q ) • 

2. Periodicity and quasiperiodicity. 

f{ x i,ii ■ • • > ^/i,^ "H 1) • • ■ > x Pja ) = f(xi^i, . . . , x PjQ; ) 



ff Tl , T T \ _ p-Siri^a^-^-i^-^+i,,,) * / \ 

j ■ • • 5 ^/i,^ i 'h • ■ • i <Lp,a) — e J ^1,1? • ■ • j ^p,a) 

We assume here xq,v = x p +i jU = 0. 

The product on the space q nj k(S) is given by the usual formula: 
for / G S°(6 (B1 ^(TJJ.s'g ^(6 (ni) ..., np) (r)) we have: 

fg(x 1A , x P x, • • • ; xi, a+/ 3, . . . , x Pi a +/3 ) = — — ^2 

ot.p. „ 



f( x i,<j! ; • • • j ^,0-1 ; • • • ; x i,a a i • • • ) a; p,<r a )fi'(^i,o- a+ i > • • • j ^p,o- a+ i ; • • • ; ^i,o- Q+/3 > • • ■ ? x Pi(Jq+/3 ) 

We define the operation {, } on the space q n ,k(£) m the following way: if /, g G 
0(m,...,n p )(r) then for {f,g} G ,S 2 (0 (ni) ... )np) (r)) we have: 

{f,g}(xi,...,x p ;y u ...,y p ) = (2) 



• • • , Vp)f' Xa { x ^ ■ • • > x p)-f( x u ■ • • > x p)9y a (yi, v P )-f(yi, y P )g' Xa ( x i, • • • , ^ p )^ + 
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0(0) > ^7 rjiT r \j{yi,---,yoL,x a+1 ,...,x p )g{x 1 ,...,x a ,y a+1 ,...,y p )- 



-g{yi, ■ ■ ■ , 2/a, x a+ i, . . . , x p )/(xi, . . . , x a , y a+ i, . . . , 

In the general case, if / G 5 ,Q (e (ni) ... )np) (r)), g G S ,/3 (e (nij ... )np) (r)) then for 
{/,<?} G ^(6 (lll np) (r)) we have by definition: 

{f,g}( x i,i, ■ ■ -, x p,u- ■ . ;xi 5 a +/3 , . . . ,x P;a+/ 3) = ^ (3) 

/ ^ d(wi,...,wy,-i) + d(n^,+i,...,w p ) , 



1 


d(ni,...,n p ) 




d(ni, . . 


• ,n^-i) + d(n^ + i, . . 





<L- ( ]( ni i ■''■>>, „ #i ( X l^a+l»"-> a; P,<T a+/ ,) + 



V 1^,,^^ C^l,cr u / ^^P.OV x p,<Tu) / 



X f( x l,a 1 ) • • • 5 %i,<7 a )y"(£l,<7 a + i ) • • • ) ^p,o- Q + / 3) + 



1 ^/i^a 



x f{ x l,<rn ■ ■ ■ i x p,ai j • • • j ^ljO-^/ ) • • ■ > x i\),o j + ' • • • ' x P,&n > • • ' > x l,cra > • • • ) x P,<r a ) 



X 



X fi'( a; l,cr a+ l ) • • • > ^PjO-a+i) • • • j • • • ) X i>,a IJ ,i x tp+l,a^i i ■ • ■ j X P,<t )1 i '■>■■•'■> X l,a a+f3 > • ■ • ) X p,cr a+0 )^ 

Proposition 1. TTie operation {,} defines a Poisson bracket on the space 

<ln,k{£)- 
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§2. Bosonization of the algebra Q n ,k(£,T~) 
Let t = n i _ j_ 7 n i, ■ ■ ■ ,n p ^ 2. Let A rni ^^ rjlp (S, r) be the associative 

n 2 rip 

algebra generated by {e Ql) ... )Qp ; 1 a t < m t , 1 ^ t ^ p} and {<p(yi,i, . . . ,y P ,m p )}, 
where 99 is any meromorphic function in variables {^A.a! l^A^p, l^a^ h-a}. 
We assume that the following relations hold (see also [2] for the cases p = 1 and 
p = 2): 

y\,a.yv,p = yu,/3yx, a , 



e au ...,a v Vv,p = (y v ,p - (d{nx, . . . ,n v -x) +d(n 1/+ i,...,n p ))r)e ai ajl , here a„ 7^ /3 



e au ...,a„Vv,a v = (j/i/,a„ + (d(wij ■ • ■ > n p )-d{n u . . . , n I/ _i)-d(n„ + i J . . . , 7ip))r)e ai) ... i£ 



ea 1 ,..,a p e Ar .. >/ 3 p = Ae /3l ,..., /3p e Ql) ... )Qp + (4) 

+ ^ ] A-t,t+l e /3i,...,/3 t ,a t+ i,...,ap e ai,...,at,/3t+i,---,/3p> 
lsCt^p-l 

Here cci 7^ /?i , . . . , a p 7^ fi p and 

A _ e-^ inT 9(y hl3l - yi, ai )9(y Pi(3p - y p , ap + nr) 
- yi, ai - nr)d{y p ^ v - y P)Ctp ) 



A e 27rinT fl(m-)fl(yi i/3l - j^qj _ 0(3/t,/3 t + yt+i^t+i - jfcgt ~ gt+igt+i) 

M+1 %i,/3i - yi, ai - nT ) 8(yt,f3 t - yt, at )0(y t +i,p t+1 - y t +i, at+1 ) 

In the general case, if some indexes are the same, then we have: 

e /ii,...,^_i,//V>>«i >■■-,"¥> ,7i i72,---,7g e ^i,---,Mj/,_iiA'V'>/ 3 i>---,/3¥' >7i i72v-->7^ = 

A e Ml'---'MV'-l'Mi/.'/3l'--v/3 V ,7l'72v-- I 7q e Miv--,M^_l,MV'' a l'---' Q: ¥''7l>72v--'7q~'~ (^) 



E «.„^,...„v„....,;. 1 «,« 1 ^ y. 
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Here A, A tjt+ i are defined by (5), ot\ 7^ Pi, . . . , 7^ (3^, ip + tp + q = p. In the 
case ip = q = we have the previous relations (4). 

We remark that if r = and p = 1 , or p = 2, then the algebra A mijmmmjm (£, 0) 
is the polynomial ring in variables {e ai) ... >ap } over the field of meromorphic func- 
tions in variables {y a ,/3}- In the case r = 0, p > 2 the algebra A TOlj ... jm (£, 0) is 
commutative but it is not a polynomial ring, because the relations (6) take the 
form: 

e fii,... , fi^-i, My; a v , 71, 72, ...,T,Vir-,^_i,/'+A>-,^, 71, 7 2 , ...,7^ = (7) 

e Mlv,M^-l.^*./ 3 lv,/3 ¥ ,,7l,72v,7q e Miv,M^_i,A'y.,aiv,« v ,7i,72v,7^ 

The algebra A mij ... jm (£, r) is a flat deformation of the algebra of functions on 
the manifold defined by the equalities (7). It is easy to see that this manifold 
is rational and the general solution of the equalities (7) has a form: e aij ... jap = 

eai' 2 2 2 ea 2 ' 3 2 3 • • ■e a p p ~i',a p , where {e^'^^} are independent variables. 
Proposition 2. There is the homomorphism of the algebras 

■ Qn,k(£, 1) ^ ^mi,...,m f (£> 7~) 

toat acts on toe generators of the algebra Q n ,k(£, t) in the following way: f(z±, . . . , z p ) G 
©(m,...,n p )(r) is sent to 

x (f) = ^ ] /(?/l,ai) • • • > yp,a p )e a i,...,a p 
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§3. Functional realization of the Poisson algebra q n ,k®<lm,l{£) 
Let f = n 1 - _}.__!_ , f 1 = 1711 ~ m — — ' wnere "i, . . . , n p , mi, . . . , m 9 ^ 2. 

2 rip 2 m q 

We denote q n ,k®qm,i(£) = -Pa, /?> where P a>i g is a space of meromorphic func- 

tions /(ari,i,...,Xp,i;...;xi iaj ...,Xp >a ; yi,i,..., y q ,i; ■ ■ -;yi,i3, ■ ■ ■ ,y q ,p] z) in vari- 
ables {xjj; l^i^p, l^j^ a}, 1 ^ z ^ (/, 1 ^ j ^ (3} and 2 with the 
following properties: 

1. Symmetry. For each cr e S a , S e £3, / is invariant with respect to permuta- 
tions Xjj- i-> , i-> . 

2. Periodicity and quasiperiodicity. 

. . . , x t ^ + 1, . . • , 1/1,1, . . . , y q j; z) = f(x 1A , y q #\ z) 
/(xi.i, • • • , x P , Q ; 2/1,1, • • • , yt,^ + !,•••, y q ,p\ z) = y q #\ z) 



f(x l , l ,...,x t ^+r l ,...,x p , a ;y 1A ,...,y q ,p;z) = e 2 ™( n * x ^ x *-^ • • • , Vq,(3, 



f(xi,u • • • , x p , a ; Vl , u y t ^+v, • • • , y qS \ z) = e -^^v^-v^-v^) f ^ . . . ? Vqf} . 
Here x 0)At = x p+1 ^ = y 0)M = Vq+i,i* = °- 

3- f(xi,i, • • • , yq,p'i z) as a function in variables {x t ^,yt',^} is holomorphic out- 
side the divisors {yi )At — x p,m' — ^ = 0; 1 ^ /z ^ /?, 1 ^ // ^ a} and has a pole 

of order ^ 1 on these divisors. So /(a;i,i, . . . , y q ^\ z) = ( J [ 6(yi^ - x p y - 

z)^ . . . , y g ,/3; 2;) as a function in variables {xt, M , yt',^'} is holomorphic. 

4. Let 1 ^ /ii ^ /x 2 , A*3 ^ P, 1 ^ ^1, ^2 7^ ^3 ^ o. Then /(xi,i, . . . , y q ,p; z) = 
on the affine subspaces of codimension 2 defined by the following relations: yi ]Ml = 

2/l,^2 ^Vi v \ ~\~ Z OY ?/l,/i 3 %p,V2 Z %p,i>z ~\~ Z. 

Particularly, the space M = Pq,o is a field of meromorphic functions f(z). It is 
possible to check, that the dimensions dim^Pa,/? are finite for each a, (3 and the 
Hilbert function is 

dim M P a ,pti4 = (l-*i)-^ ni '-"' n '')(l-t2)" d(mi '"-' m « ) (l-ti*2)" d(ni '"- ,n,,+mi, "- ,m ' ) 



11 



We define the commutative associative product on the space q n ,k®qm,i(£) in the 
following way: if / G P a ,p,g G P a >,p> then for fg G P a + a ',p+p' we have: 

fg(x 1A , x p , a+a /; . . . , y q ,p+p\ z) = ^7|^Tg7j 



f( X l,<Ti ) • • • ) ^p^a ) 2/1,51 > • • • J 2/^,(5/3 ) 2; )fl'( a; l,CT a+ l > • • ■ ) S P,cr a + a / j 2/1,5,3 + 1 > ■ • • ) Vq,5 0+0 i j 2) 

We define the Poisson bracket {, } on the space q n ,k®qm,l{£) i n the following 
way: if / G P a ,o,g G P^o and /, (7 do not depend on z, then the Poisson bracket 
{/,<?} is given by the formula (3). Similar formula gives the Poisson bracket {/, g} 
in the case / G Po, a ,g G Po,/3 and /, p do not depend on z. Let / G Pl,o, (7 G Po,i 
and /, g do not depend on z. In this case, for {/, g} we have by definition: 

{f,g}(xi,...,x p ;y l7 ...,y q ;z) = 



1 ^t^q 

-^,..,%) L d ( ni ,... >np ) /x t (xi,...,X„)- 



0'(yi - x p - z) 



7r?j f(x 1} . . . ,x p )g(y 1 , . . . ,y q ) 



0(2/i - x P - z) 
For / G P\fi and g G Po,i we assume: 

/ d(m 2 ,...,m q ) + d(ni,...,n p _i) + 
\d(mi, . . . ,m q ) dint,..., n p ) J 

( g z } = - ( 1 + ^( m 2, ■ ..,m q ) + d(wi,...,w p _i) \ 
V d(rrn,. . .,m q ) d(m,...,n p ) J 

It is clear that using the Leibniz rule one can extend the Poisson bracket {, } on 
the whole space q n ,k®q m ,l{£)- 

For description of this bracket let us consider the commutative associative algebra 

( \ ( f \ 

generated by all meromorphic functions in variables {xj p, yj p, , z; 1 ^ a ^ p, 1 ^ 

a' < q; (3, (3', 7, 7 ' G N} and the elements {e(xg, . . . , x^), e'(y<$, . . . , y<$); /3, /?', 7, V e 
N}. We assume that if u a = v a for some a, then e{u\, . . . , u p )e(v 1, . . . , v p ) = 
Q,e' {u x , . . . ,u q )e' {v x , . . . ,v q ) =0. 
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We define the Poisson structure on this algebra in the following way: 

r / \ / \i (0'(v\—U\) 9'(v p — U p ) \ . . 

{e{u 1 ,...,u p ),e{v 1 ,...,v p )} = ^ ^ _ ^ + _ -2m J e(ui, . . . , u p )e{v u . . . , v p ) + 



l<a<p 



0(0) > — r— ; -e{v 1 ,...,v a ,u a+1 ,...,u p )e{u 1 ,...,u a ,v a+1 ,... 7 v p ) 

^ 9{v a - u a )9(v a+1 - u a+ i) 



{e'(u u . . . , u q ), e'(ui, . . . , t> 9 )} = ( — -4 + ^7"^ — ^4-27ri J e'(ui, . . . , u q )e'(v u . . . , + 



0'(O) ' " a Xat„. ~ — " a+1 ^ e/ (^' • • -^ttt^+i) • • • ,^)e'(m, • ■ • ,u a , v a +i, .-.,v q ) 



9(Vg + Vg + 1 ~U a - U a+ l) /f 

9(v a - u a )9(v a+1 - U a +l) 



{e(u 1 ,...,u p ),e'(v 1 ,...,v q )} = (^J^ 2 — Vl ^ Z } -iri)e(u 1 ,...,u p y(v 1 ,...,v q ) 

V V\Up — V i + Z) J 



ie(ui u ) x (7) 1 - ^^•••^«-i) + <n Q+1 ,...,n p ) 

|e^i, . . . , u p ),x aj3 } — ^ e[ui,...,u p ) 

{e( Ul ,...,u p ), = ^C^Xf ^ 1 " ' " 



f d(m 2 ,...,m q ) d(n 1: ...,n p -i) + 1\ . . 
{e( Ul , .... tip), z} = ( ^ (mi> _ >mg) + d(ni ,..., Wp ) J e ^ ' • • • ' ^ 



{ e> l5 , %) , y w } = - d(roi> -" > ^ ) ^ d > ( y , -" > ^ ) ^i, • ■ • , < 
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\t. yu\, . . . , u q ), x a — ^ ^ a yui, . . . , Uq) 



d(m,...,n p ) 



, fl + d(m 2 ,...,m q ) d(m,...,n p _i)\ , 

{e (u 1 ,...,u q ),z} = - — r*- + — y —— e (u 1 ,...,u q ) 

V rf(mi,...,m 9 ) d{n u ...,n p ) J 

For / G P a ,p we define the element Xf in the following way: 

x f = e /(4y\-..,^r^i: 1 ' i \...,4;r ) ;^)x 



Xe ( X iyi' ^ ^p^r' '')••• e ( X iya ^> • • • ' X p',a:' aS) ) e > • • • > ' ) • • • e (Vl,^ ' * * * ' ^q,/3 ^ ) 

The Poisson bracket and the product on the space q n ,k^Qm,i(£) are defined by 
the following formulas: 

= i x fi x g}i x fg = X f X 9 
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§4. Functional realization of the Poisson algebra ? n i,fci® • • • ®Q.n h ,k h {£) 
Let T~ = n i.a- r ^ a 1 i » where 1 < a < ft; n^ a ^ 2. Let <? ni , fel <§) . . . ®q nh ,k h {£) 
-Pai,...,of h , where P ai ,...,a h * s the s P ace of meromorphic functions in vari- 

a!,...,a h ^:0 

ables l^t^/i, l^/i^pt,l^A^ a t , 1 ^ f ^ /i — 1} with the 

following properties: 

1. Symmetry. Let at G S at for 1 ^ t ^ /i. Then / is invariant with respect to 
permutations: £ M) A,t >-> ^,a t (A),t- 

2. Periodicity and quasiperiodicity. 

. . . , X^x,t + 1, ■ • ■ , Xp h , ah ,h; Zl,2, • • • , Zh-l,h) = /(zi,l,l, . . . , Zh-l,h) 



/(Xl,l,l, • • • , X M) A,t + 77, . . . , X phtOChj h', Zi j2 , • • • , Zh-l,h) — 

3. / as a function in variables {x Mi A,t} is holomorphic outside the divisors 
x i,n,t+i — x p t ,n',t — z t,t+i = and has a pole of order ^ 1 on these divisors. So the 

function / = ( j J] 0(x ljflit +i - x Pt ,v',t ~ z t ,t+i) )f as a function in variables 

l^t<h 

{Xfi,\,t} is holomorphic. 

4. / = on the affine subspaces of codimension 2 defined by the relations 

= x i,v2,t+i = x Pt,t*3,t + z t,t+i or xi j/iljt+ i = x Pufl2jt + z t! t + i = x Pt ,fi 3 ,t + 

z t,t+i- 

Particularly, the space M = Po....,o is the field of meromorphic functions in 
variables 21,2? • • • > It is possible to check that the dimensions dirriM Pa i,...,a h 

are finite and the Hilbert function is 

£ dim M Pa 1 ,..., a ,c...c= II (i-WA+i.-.g-^^^-^ 1 

(8) 

Here TVt = (ni^, . . . ,n Pu t) for 1 ^ t ^ /i. See Notations for definition A. 

For definition of the product and the Poisson bracket on the space q ni ! k 1 <S> • • • ®1n h ,k h (£) 
we consider the commutative associative algebra generated by all meromorphic 
functions in variables {x^\ t , 2^+1; 1 ^ // < pj, 1 ^ t ^ fe, 1 < ^ < /i - 1, A, 7 e N} 

and the elements et{x^\ v . . . , x p ^ x t ). We assume that if u a = v a for some 
1 ^ a ^ pt, then et(ui, . . . , u Pt )et(vi, . . . , v Pt ) = 0. We define the Poisson bracket 
on this algebra in the following way: 
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{ X ^X,t^ X ^\',t'} ~ i X fi,\,V Z v,v+l\ — {Zv,v+l, Zv'y + l} — 



{«(«,, . . .,«.„,), 41 j = ■ ^■■••,",-.,)+^....---."p...) et(Uii . . . , 

a(ni,t, ■ ■ ■,n Pu t) 



{e t ( Ul ,...,u Pt ),x^{ t+1 } = d ^ +1 ' t+U ' ' ' ' npf+1 ' f+l) e f (m, . . . , m p J 

{e*+i(ui,...,u pt+1 ),a; A J = -r- -e t+1 ( Ul , . . . ,u Pt+1 ) 

d{ni,t, • • • , n Put ) 

{e t (u!, . . . , ii Pt ), x^ x t ,} = 0, here |* - t'\ > 1 

{et(ui,...,l/p t ),2!t,t+l} = 

ri(w 2 ,t+i,.-.,ra Pt+1 ,t + i) d(wi,t,...,w Pt -i,t) + l \ c , ^ 
d(ni it+ i,...,n Pt+lit+ i) d(n M ,...,n Ptit ) / * Pt 

{e t+ i(ui, . . .,u pt+1 ),z t ,t+i} = 



d(n 2 , t+ i,.-.,n Pt+ut+1 ) + l d(n lit ,...,n Pt - 1 ,t)\ 

+ ~77Z Z \~ ) e t+n u i,---i u Pt+i) 



0'(O) V v )" a ' ^^-e t (v l7 ...,v a ,u a+ i,...,u Pt )e(u u ...,u a ,v a+1 , 

{et(ui, . . . , ii Pt ), et+i(ui, . . . , u Pt+1 )} = 



d(ni )t+ i,...,n Pt+lit+ i) ' d(n ljt ,. . .,n Put ) 

{e t (u u . . .,u Pt ),z t > it ' +1 } = 0, here t ^ t',t ^ t' + 1 

{e t (wi,...,M Pt ),e t (wi,...,v Pt )} = 

fd'(v\—ui) 0'{v v —u v .) n \ , . . 

^7 f + ^ - 2ni \ etim, . . . ,u Pt )e t {v u . . . ,v Pt )+ 

0(v a + v Q+ i - u a - M a +l) 
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( ( U Pt ~Vl + Zt, t +l) \ ( , ( v 

V ^( w Pt ~Vl + Z t ,t+1) J 

{e t (u!, . . . ,u Pt ), et'iv-L, . . . ,v Pt ,) = 0, here \t-t'\ > 1 
For / G -Pai,...,a h we define the element Xf by the following formula: 

*/- £ /<*&•" #»'U... ■•■.*-!.»> II 

Proposition 3. The following formulas define the product and the Poisson 
bracket on the space q ni ,k 1 '^ > • • ■® c Ln- h ,k h {£)'- 

X fg = X f X gi X {f, 9 } = i X f' X d) 
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§5. Bosonization of the algebra Q nu k-i® ■ ■ ■ ®Qn h ,k h (£ 5 t) 

Let Ai x 1 ,...,i P1 h ,...,l Ph h {£■> T ) be the associative algebra generated by all 
meromorphic functions in variables {y\^ n , 2y j7 '+i; 1^7^ h, 1^7' ^ h — 1,1^ 

A ^ p 7 , 1 ^ ^ ^A, 7 } and the elements {e^,...^ ; 1^7^/1, 1 ^ a A ^ /a, 7, 1 ^ 
A < p 7 }. We assume that the following relations hold: 

[yA,/i,7»2/V,M',7'] = [2/A,M, 7 ,^,t+l] = [^t,t+l,^t',t'+l] = 



P (7) 



/ d(n ln ,...,nx-i n ) + d(nx+i n ,...,n p 7 ) \ f v 



Here /3 7^ a A . 



/ 1 A rf(m, 7 ,...,w A -i, 7 )+d(n A+1 , 7 ,...,n^, 7 ) \ ^ ,, 



( 7 ) / , • • 7+1 , 7 +i) \ ( ) 

4T ...,a P7 yA,/?, 7 +l = h/A,/3, 7 +l + -77- " 7^ >' 



e (7+i) w . _ = . d(wi, 7 ,...,w A _i, 7 ) A (7+1) 



ai ,...,a 



Here (7 — 7'] > 1. 



e a 1 ) ,...,a P7 2/A^,7' = V\,W<%l..., a ^ 



e ai,...,a P7 ^7,7+l 



^7,7+1 + 



/ ^(n 2 , 7 +i,---,^p 7+1 ,7+i) d(wi, 7 ,...,Wp 7 _i, 7 ) + l \ \ g(7) 
Vd(ni )7+ i,...,n P7+1>7+ i) d(ni >7 ,...,n P7>7 ) / J ai '-' £ 



e (7+l) - , , 



_ /" ^(^2,7+1, ■ • ■ , ^p 7+1 , 7 +i) + 1 d(n ln , . . . ,n P7 _i, 7 ) \ \ g ( 7+ i) 
/ 7 ' 7+1 V d(ni l7 +i.---»^+i,7+i) d(m i7 ,...,n P7)7 ) ) T J ea ^-' a ^+i 
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4 7 1 ) ,...,a P7 %',7'+l = *V,7' + l e a 1 ) ,...,£ 



Here 7 7^ 7' and 7^7' + !. 



Here I7 — 7'] > 1 



ai,-,«P 7 c ft,...,/3p v c /3i,...,^ p , c ai,...,a P7 



P (7) P (7+1) 
c "ai,---,a P7 c 73i,..., / 3p 7+1 



3 27ri(yi, gl , 7+ i-i/ P7 , apT , T - g7 , T+ i) ^ II ap r 7 ^A,7+l + *7,7+l + 2^ (7+1) g ( 7 ) 

%l^i,7+l-^,a P7 ,7-^,7+l + 5 r ) /3l '-' /3 ^+ 1 

e ai,-,a P ^ e( f3i,...,f3 Pj = ® e ^i,...,P p ^ e ai,---,a p ^+ ( 9 ) 

_i_ (f, p (7) (7) 

T t,t+l /3 1) ...,/3 t ,a t+ i,...,a P7 ai ,...,a t ,/3 t +i , — ,P P ^ 

l^t^p 7 — 1 

Here ai 7^ . . . , a Pi 7^ (3 P ^ and 



e 



-2-KtT 



Q{yi,pui - yi, ai ,y)0(y P ^ y -y P7 ,a P7 , 7 + r) 



^ w'icii I f ■■■,<->■ i, j / \>J y-i ,H P -y 1 1 a l>~< >"p 7 i I / (10) 

0{yi,p ul -yi, ai , 1 -T)e{y Pii ^ n -y Pi ^ il ) 



$ = e 27 " r g(r)%i Ai7 - yi, ai , 7 ) gCgt^ + j/t+i,ft +1 ,7 ~ 2/t,a t ,7 ~ ^+1,^+1,7) 

<%l,/3i,7 ~~ 2/l,«i,7 ~~ T ) 0(Vt,Pt,1 - yt,a t , 7 )<%t+l,/3 t +i,7 ~ ^+1,^+1,7) 

In the general case, if some indexes are the same, then we have: 

e (7) e (7) 
A*i ,---,fJ-ift- 1,1^-4, ,ai,...,a lf ,,7i,72 r --i79 ,. . .,mJ/,_i ,A*V >0i 1---,^ ,7i .72 

$ e (T) e (7) _j_ 

Ati,...,At^-i,MV"/ 3 lv,/3 v ,7i,72,---,7< 3 A'i:---,A'^_i,Mv> Q: l.---,« v ,7i,72v,7q 



Here $, $t,i+i are defined by (10), «i 7^ f3±, . . . 7^ Z?^, -0 + + g = p 7 . In the 
case -0 = g = we have the previous relations (9). 
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Proposition 4. There is a family of the associative algebras Q ni M® • • • ®Qn h ,k h {£-, t) 
that is the quantization of the Poisson algebra qmfa® • ■ ■ ®Q.n h ,k h {£) and the ho- 
momorphism of the associative algebras 

x : Q ni M®---®Qn h ,k h ( E i T ) -»■ P li,i,-,l Ph A £ ' T ) 
such that for the element f G -Po,...,o,i,o,...,o (here 1 is on j-th place) we have: 

x (f) = /(yi,ai,7) • • • ' %> T ,a PT ,7' ^1,2) • • • 5 z h-l,h) e ^a},...,a v ^ 

l^ai 



The algebras Q ni M® ■ • -®Qn h ,k h {£ ,r) and q nukl <£> ■ ■ -§>Qn h ,k h (S) have the same 
Hilbert function (see (8)). 
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